The material interface between two fluids of different densities is unstable under acceleration by a shock wave. This phenomenon is known as the 
(
Here σ = − ∆uAk where ∆u is the difference between the shocked and unshocked mean interface velocities, and A = (ρ ′ − ρ)/(ρ ′ + ρ) is the Atwood number. ρ and ρ ′ are the fluid densities behind the reflected wave and the transmitted shock, respectively. a 0 is the postshocked perturbation amplitude at the interface. For weak shocks, the prediction of (1) agrees quite well with the asymptotic growth rate from the linear theory for compressible fluids. A systematic comparison between (1) and the solution of the linearized Euler equations showed, however, significant disagreement in certain physical parameter domains, including strong shocks and dissimilar materials [4] . In any case, linear theories are valid only for small amplitudes and consequently for small times. When applied to the initial amplitudes of typical weak shock experiments, the impulsive model agrees with the linear theory in the region where the linear theory is no longer valid. For strong shock experiments, the impulsive model does not even agree with the linear theory.
In this letter, we present a quantitative theory for the growth rates of a single bubble and spike in compressible fluids of all density ratios and for time periods and interface amplitudes from the linear into the nonlinear regimes in both two and three dimensions. The results presented here are the first analytic theory with these capabilities. A detailed presentation of our results can be found in [5, 6] . The methods of Padé approximation by a finite Taylor series and of asymptotic matching were first introduced into the study of Richtmyer-Meshkov instability by the authors [7] , yielding an analytic theory of the overall (combined bubble and spike) growth rates in two dimensions. Hecht et. al. have developed a Layzer-type potential flow model for the system of a infinity density ratio and determined an asymptotic bubble growth rate of 2 /3kt, valid for late time [8] . The relation between our theory and theirs will be discussed in [5] .
The following three main steps are key to our analysis: (i) nonlinear perturbation solutions In order to develop an approximate nonlinear theory for compressible RM unstable interface, we adopt the following physical picture. The dominant effects of the compressibility occur near the shocks. Thus compressibility influences the material interface when the shocks are in the vicinity of the material interface. We assume that the initial disturbance at the interface is small.
Thus at early times after the shock hits the material interface the compressibility is important and the nonlinearity is less important. As time evolves, the magnitude of the disturbance at the material interface increases significantly and the transmitted shock and reflected wave move away from the interface. The effects of compressibility are reduced and the nonlinearity associated with a large interface amplitude starts to play a dominant role in the interfacial dynamics. From this physical picture, we see that at early times the dynamics of the system are mainly governed by the Euler equations for compressible fluids linearized with respect to the interface amplitude [1, 4] , while at later times the dynamics are mainly governed by the nonlinear equations for incompressible fluids. Our mathematical approach is to determine the solutions at early and later times separately. Then we match the two solutions to obtain an analytical expression which changes gradually from one to the other. These matched asymptotic solutions give quantitative predictions for the growth rates of the spike and bubble in compressible RM instability from the linear to moderately late nonlinear stages of the instability growth.
At later times, the dynamics is nonlinear and approximately incompressible. The governing equations for inviscid, irrotational and incompressible fluids are
Here φ and φ ′ are the velocity potentials of the two fluids. z = η(x,t) is the position of the interface at time t. A general perturbation solution procedure in powers of a 0 is developed in [5] .
The solution procedure is recursive. The n −th order solutions are expressed in terms of the solutions of orders less than n.
The general perturbation solution procedure has been also applied to the impulsive model.
Up to fourth order, the nonlinear perturbation solution of the impulsive model is [5] η
(1)
+ 6t]cos(kx)
Use of these formulae is scientifically incorrect for compressible fluids driven by a shock wave, since the initial conditions used in deriving these expressions are not valid for compressible fluids. To be consistent with the mode modulation of the early time solution of compressible fluids (the linear theory), we use single mode initial conditions η(x,0) = a 0 cos(kx) and
Here we assume that a 0 is small and that v 0 is proportional to a 0 . v 0 will be determined later through matching the short time and large time solutions.
The spike and bubble are located at x = 0 and x = π/k, respectively. Let v sp and v bb be the growth rates at the tips of spike and bubble, respectively. They can be expressed as [5] v sp = η
where η a contains odd cosine Fourier modes and η b contains even cosine Fourier modes. η
represents the overall growth rate defined as v
Through fourth order, the results with the single mode initial conditions are
Note that the functional forms of (8) and (9) are different from the expressions for η
as explained above. From (6)- (9), we have
The radius of convergence of this expansion appears to be quite limited. One of the standard methods to extend the range of approximation for an analytic function beyond radius of convergence of the finite Taylor series expansion is through Padé approximation. Applying the Padé approximation to (10), we have [7] η .
Equation (12) that the overall growth rate decays at large times, as found in numerical simulations [9] .
Similarly, we construct the P 2 1 Padé approximant for (11). The result is
Equations (12) and (13) are approximate nonlinear solutions for incompressible fluids.
From the physical picture we gave earlier, they are also approximate nonlinear solutions for compressible fluids at later times. Now we match the linear solution at early times and the nonlinear solution at later times. The facts that (12) approaches v 0 at early times and v lin , the growth rate of the linear theory for compressible fluids, approaches an asymptotic constant at later times show that the matching can be obtained by replacing v 0 by v lin in (12) and (13). We have
for the overall growth rate and the growth rates of bubble and spike, respectively. Here a 0 and A are postshocked quantities. We emphasize that the range of validity of (14)- (16) are not In Figure 1 , we compare our theoretical predictions for the growth rates of the bubble and spike, i.e. (15) and (16) In Figure 2 , we consider systems with the indirect phase inversion. Indirect phase inversion is defined as a situation for which a 0 (0+)v lin (t → ∞) < 0. For the case of reflected shock (rarefaction wave), the indirect phase inversion usually does not (does) occur [4] . During the period of indirect phase inversion, 0 < t < τ, the solution is given approximately by the compressible linear theory, due to the satisfaction of the assumption that a 0 k is small. Here τ is the time at which the phase inversion is completed, i.e. a(τ) = −a 0 (0+). Therefore, the nonlinearity is only important for t > τ. Usually τ is small. These properties lead us to use −a 0 (0+) as the initial amplitude in (6)- (16) In Figure 2 the nonlinear theory and the numerical simulations for the bubble is better than that for the spike.
We comment that our theory is still valid at the early stage of the formations of the roll-up, i.e.
mushroom-shaped vortex structures, at the spike. The reason is that our theory gives a prediction for the motion of the tips of the spike and bubble. Roll-up is a secondary structure which does not have significant effect on the growth rates at the early stages of roll-up. At the later stages of roll-up, the second instabilities do affect the growth rate of the spike. This is why the prediction for the spike growth rate becomes less accurate than that for the bubble at later times.
The theoretical approach presented above has been extended to compressible fluids in three dimensions [6] . The overall growth rate of the compressible RM unstable interface in three
Here k=(k x 2 +k y 2 ) 1/2 is total wave number of the initial perturbation at the material interface η(x,y,t =0) = a 0 cos(k x x)cos(k y y). λ 1 and λ 2 are dimensionless functions which depend on the post-shocked Atwood number A and θ, the orientation of the wave vector (k x ,k y ). The explicit expressions of λ 1 and λ 2 and of the growth rates of the bubble and spike in three dimensions can be found in [6] . For the symmetric interface in three dimensions, the expressions for λ 1 and λ 2 are
In Figure 3 , we show (a) the overall growth rates and (b) the amplitudes of of air-SF 6 unstable interfaces for several different values of angle θ with fixed total wave number k. The physical parameters are the same as the ones given in Figures 2(a) , except that the wave number k should be interpreted as the total wave number k = (k x 2 +k y 2 ) 1/2 . The amplitude is determined by integrating (17) over time. It has been shown that for fixed total wave number k and fixed Atwood number A < 0.64, the symmetric interface in three dimensions (k x = k y ) is most unstable, while the interface in two dimensions is least unstable [6] . Figure 3
